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ABSTRACT

In this paper we propose a Bayesian forecasting approach for Holt’s additive 
exponential smoothing method. Starting from the state space formulation, a 
formula for the forecast is derived and reduced to a two-dimensional integration 
that can be computed numerically in a straightforward way. In contrast to much 
of the work for exponential smoothing, this method produces the forecast 
density and, in addition, it considers the initial level and initial trend as part of 
the parameters to be evaluated. Another contribution of this paper is that we 
have derived a way to reduce the computation of the maximum likelihood 
parameter estimation procedure to that of evaluating a two-dimensional grid, 
rather than applying a fi ve-variable optimization procedure. Simulation exper-
iments confi rm that both proposed methods give favorable performance com-
pared to other approaches. Copyright © 2008 John Wiley & Sons, Ltd.
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INTRODUCTION

The last few decades have witnessed signifi cant advances in the topic of exponential smoothing. It 
has established itself as one of the leading forecasting strategies. Some of the exponential smoothing 
methods have occupied close to the top spots in the M3 forecasting competition rankings (see M3 
Competition, 2005; Makridakis and Hibon, 2000). Also, from the theoretical point of view our 
understanding of exponential smoothing methods has also improved signifi cantly; see the thorough 
and extensive review of Gardner (2006). Unfortunately, the parameter estimation aspect of expo-
nential smoothing has not been adequately tackled in the literature. The main approach has been to 
apply some general-purpose optimization procedure (for minimizing the mean square error). The 
number of parameters can be as much as fi ve or six parameters in non-seasonal methods (including 
the initial level and trend) and the optimization procedure cannot guarantee reaching the global 
minimum. For example Farnum (1992) showed that the response surface is not necessarily convex. 
Makridakis and Hibon (1991) argued that the initial level and trend are less infl uential than the other 
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parameters and found that several simple heuristic rules to set their values are comparable. We have 
found that these initial values do indeed matter, especially if evaluated using optimal methods. A 
theoretical breakthrough in modeling exponential smoothing methods has been the introduction of 
single source of error state space models by Ord et al. (1997) and Hyndman et al. (2002). This has 
essentially put them on a solid statistical foundation that has allowed other aspects to be derived 
from fi rst principles, for example the forecast variance (Hyndman et al., 2001). Another aspect that 
can be based on the state space formulation has been to estimate the parameters using the maximum 
likelihood framework. This has also been developed by Hyndman et al. (2002), but there have been 
some precursors in the work of Broze and Mélard (1990). Maximum likelihood also leads to a similar 
tedious multi-variable optimization formulation. While the computational issue is a consideration, 
the more pressing issue is estimation accuracy. Naturally, an inaccurate estimate of the parameters 
begets inaccurate forecasts.

The other competing methodology for parameter estimation is the Bayesian paradigm (West 
and Harrison, 1989). In this approach the parameters are considered to obey some form of a 
priori distribution. Then, the posterior of the parameters given the observables is evaluated. This 
posterior is then used to compute the density of the point to be forecast (see the excellent review 
by Geweke and Whiteman, 2006). Essentially this posterior is used to weight the forecast according 
to the plausibility of the parameter set producing this forecast. The Bayesian concept has also 
been generalized to the level of models (rather than only parameters) in the so-called Bayesian 
model averaging concept (Hoeting et al., 1999; Chatfi eld, 1995). One advantage of the Bayesian 
approach is that it gives the full distribution of the forecast (and hence also confi dence bands). 
Moreover, this distribution refl ects the uncertainty due to parameter estimation. This could possibly 
combat the fact that the estimated prediction intervals for many methods tend to be too narrow 
(Chatfi eld, 2001). Obtaining the distribution of the forecast is considered a very favorable feature, 
as it would lead to more sound decision making, and could give estimates of risk. The exacting 
aspect of the Bayesian methodology is the computational issue. The encountered multi-variable 
integral over the parameter values is usually very hard to evaluate analytically (even for some simple 
and established time series models an analytical formula is not available). The common approach 
has been to apply some form of Monte Carlo procedure, especially the MCMC method. In spite 
of the vastness of the Bayesian topic there have been very few applications to the exponential 
smoothing models. Forbes et al. (2000) apply a Monte Carlo procedure to estimate the point 
forecast and the forecast variance. The method is based on the state space formulation of Ord et al. 
(1997) and Hyndman et al. (2002).

As a step towards possibly improving the parameter estimation aspect, in this paper we consider 
the Holt additive model and develop a Bayesian forecasting method. Like Forbes et al. (2000) we 
also use the state space formulation (Ord et al., 1997; Hyndman et al., 2002) as a starting point. 
However, we apply a different methodology in manipulating the probabilities that makes it possible 
to evaluate many of the integrals analytically, and therefore no Monte Carlo or MCMC procedures 
are needed. We reduce the fi nal solution to that of evaluating a two-dimensional integral, from a 
starting point of a fi ve-dimensional integral (to be evaluated for a grid of values of the variable to 
be forecast). This two-dimensional integral can be evaluated numerically in a straightforward manner 
by simply constructing a 2D grid.

Another contribution of this work concerns a simplifi cation of the maximum likelihood procedure, 
also for Holt’s additive model. We convert the fi ve-parameter optimization procedure to a two-
parameter optimization problem, thus leading to signifi cantly faster implementation. In addition, the 
forecasting accuracy improves because for the new formulation one is guaranteed to obtain the exact 
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maximum. On the other hand, for the traditional approach (of using a general-purpose optimizer for 
the fi ve-parameter problem) the optimization process is vulnerable to local maxima or very fl at 
surfaces that preclude getting to the exact maximum. These problems can also impact the forecast-
ing performance, as we shall see.

The paper is organized as follows. The next section is a brief overview of Holt’s model, laying 
out some terminology and defi nitions. The third section briefl y reviews the Bayesian concept, and 
proceeds by detailing the derivations of the new Bayesian method. The fourth section presents the 
proposed maximum likelihood work. The fi fth section gives the simulations results, followed by the 
conclusion in the fi nal section.

HOLT’S METHOD

Let yt be the time series to be forecast. Holt’s model is based on estimating smoothed versions of 
the level and the trend of the time series. The level plus the trend is then extrapolated forward to 
obtain the forecast. The equations governing the update of the trend and the level are given by 
(Gardner, 2006):

 l y l bt t t t= + −( ) +( )− −α α1 1 1  (1)

 b y l bt t t t= −( ) + −( )− −γ γ1 11  (2)

where lt is the estimated level and bt is the estimated trend of the time series. The forecast is given 
by

 ŷ l mbt m t t+ = +  (3)

In an important contribution, Hyndman et al. (2001, 2002) and Ord et al. (1997) have derived a 
single source of error state space formulation for Holt’s model, given by

 y l bt t t t= + +− −1 1 �  (4)

 l l bt t t t= + +− −1 1 α�  (5)

 b bt t t= +−1 γ �  (6)

where �t is the error term. Assume that it is normally distributed with zero-mean and variance s2. It 
is often convenient to work on the basis of this state space formulation, as it allows deriving the 
distributions of the quantitities of interest. In this work we use this formulation as a basis for all 
subsequent analyses. Note that from (4) we get

 �t t t ty l b= − −− −1 1  (7)

Substituting in (5) and (6), we get the two original level and trend equations of (1) and (2), respec-
tively, thus confi rming the validity of these state equations.
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THE PROPOSED METHOD

The general idea
The proposed model can be described generally as follows. Let yt be the time series, and assume 
that the estimation dataset is the time series portion from 1 to T. For any time series xt let us denote 
xi:j as the time series portion from time i to time j. Let us group all model parameters in one vector 
a. Consider that we would like to forecast m steps ahead. Therefore we need the probability density 
p(yT+my1:T) and this will yield the point forecast and the confi dence interval of the forecast. This 
density can evaluated as

 p y y p y y a p a y daT m T T m T T+ +( ) = ( ) ( )∫1 1 1: : :,  (8)

The term p(yT+my1:T, a) represents the probability density of the future value of the time 
series, given the parameters are fi xed at value a. The term p(ay1:T) represents the probability 
that parameter set a is a valid set given the data. It serves to weight the forecasts obtained by the 
fi xed-parameter models (as given by the probability density p(yT+my1:T, a)), according to the plau-
sibility of their respective parameters.

Computation of the posterior probability of the parameters
To apply formula (8) we need to evaluate two terms: p(yT+my1:T, a) and p(ay1:T). In this section we 
derive a formula for the latter term. In the next section we consider the other term.

Let us defi ne the vector of level and trend variables: vt = (lt bt)′, where ‘′’ denotes the transpose 
operation. In matrix form, the formulas (1) and (2) become

 v Av wyt t t= +−1  (9)

where

 A =
− −
− −







1 1

1

α α
γ γ  (10)

and

 w = 





α
γ  (11)

Iterating Equation (9) gives

 v A v A wyt
t i

t i
i

t

= + −
=

−

∑0
0

1

 (12)

There are fi ve parameters available: the initial values for the level and the trend, the a and the g 
parameters, and the variance s2 of the error term, so a′ = (l0, b0, a, g, s 2) = (v′0, a, g, s 2). Using 
Bayes’ formula, we get
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 p a y
p y a p a

p y
T

T

T
1

1

1
:

:

:

( ) =
( ) ( )

( )  (13)

 ∝ ( ) ( )p y a p aT1:  (14)

where the proportionality sign means proportionality up to a constant multiplier that is independent 
of the variables of relevance. The density p(a) is the prior density of the parameters in the considered 
Bayesian formulation.

Let us focus now on v0. For simplicity of notation, we keep only the dependence on v0 in the 
expressions. It is understood, though, that every density is also conditional on the other parameters 
a, g, s:

 p y v p y y v p y y v p y vT T T T T1 0 1 1 0 1 1 2 0 1 0: : :( ) = ( ) ( ) ( )− − −, , …  (15)

 = ( ) ( ) ( )− − − − −p y y v v p y y v v p y vT T T T T T1 1 1 0 1 1 2 2 0 1 0: :, , , , . . .  (16)

 = ( ) ( ) ( )− − −p y v p y v p y vT T T T1 1 2 1 0. . .  (17)

The term vT−i could be inserted in the conditioning portion of each of the terms in (16) due to the 
fact that y1:T−i and v0 uniquely determine vT−i due to formula (12). Equation (17) follows from the 
Markov property that is satisfi ed in the state space formulation of Holt’s method.

The density should be p(ytvt−1) can be obtained in a straightforward way from (4) as a normal density. 
Let N (x; mt, s2) denote a normal density for a variable x having mean m and variance s 2. Then

 p y v yt t t t−( ) = ( )1
2N ; µ σ,  (18)

The variance s 2 is the same as the variance of the error term �t and the mean mt is given by

 µt t tl b= +− −1 1  (19)

 = ′ +





−
− −

=

−

∑e A v A wyt i
t i

i

t
1

0 1
0

2

 (20)

where e is the vector of all ones. Thus, the fi nal expression becomes

 p a y
y p a

p y
T

t tt

T

T
1

2
1

1
:

:

;
( ) =

( ) ( )
( )

=∏ N µ σ,
 (21)

The forecast step
Recall that the probability density that yields the forecast is given by

 p y y p y y a p a y aT m T T m T T+ +( ) = ( ) ( )∫1 1 1: : :, d  (22)
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We have evaluated the term p(ay1:T) in the last subsection, and here we will derive the formula 
for p(yt+my1:T, a). Consider the case m > 1. We can write

 p y y a p y y a p dT m T T m T T m T T T m T T+ + + + − + + − +( ) = ( ) ( )1 1 1 1 1 1 1: : : : :, , ,� � � ++ −∫ m 1  (23)

Let us evaluate vT+m−1 in terms of �T+1:T+m−1 (we use (5) and 6):

 v Qv wT i T i T i+ + − += +1 �  (24)

where

 Q = 





1 1

0 1
 (25)

and

 w = 





α
γ  (26)

Performing the recursion m − 1 times starting T + 1 to T + m − 1, we get

 v Q v Q wT m
m

T
j

T m j
j

m

+ −
−

+ − −
=

−

= + ∑1
1

1
0

2

�  (27)

Since from (4)

 y l bT m T m T m T m+ + − + − += + +1 1 �  (28)

 = ′ ++ − +e vT m T m1 �  (29)

we get

 p y y a p y v y aT m T T T m T m T m T T T m+ + + − + + − + + −( ) = ( )1 1 1 1 1 1 1: : : :, , , , ,� �  (30)

 = ′( )+ + −N y e vT m T m; 1
2, σ  (31)

where the fi rst equation follows from the fact that �T+1:T+m−1 and y1:T uniquely determine vT+m−1 using 
(27) and (12). Let us now evaluate the integral in (23). We substitute the numeric values of (25) and 
(26) into (27) to get

 ′ = + + ′+ −e v l mb uT m T T1 �  (32)

where

 u

m

m
=

+ −( )
+ −( )

+



















α γ
α γ

α γ

1

2

�
 (33)
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and

 �

�

�

�

=



















+

+

+ −

T

T

T m

1

2

1

�
 (34)

Using the fact that p(�T+i) = N(�T+i; 0, s2) and substituting the formula (31) into (23), we obtain 
an integral of a product of normal density functions. After some manipulation, it can be evaluated 
as

 p y y a y l mb u mT m T T m T T+ +( ) = + +( )( ) >1
2 21 1: ;, , ,N σ  (35)

The case m = 1 can be obtained by simply observing (29)

 p y y a y l b mT T T T T+ +( ) = +( )) =1 1 1
2 1: ;, , ,N σ  (36)

We then obtain the requested formula by substituting (21) and 35 into (22). We get

 p y y
y l mb u y p a da

T m T

T m T T t tt

T

+
+ =( ) =

+ +( )( ) ( ) ( )∏∫
1

2 2 2
1

1
:

;N N, ; ,σ µ σ
pp y T1:( )  (37)

The forecast would then be the mean of the previous equation (w.r.t. the variable yT+m):

 ˆ
;

:

y
l mb y p a da

p y
T m

T T t tt

T

T
+

==
+( ) ( ) ( )

( )
∫ ∏ N µ σ, 2

1

1

 (38)

Moreover, we can obtain the variance of the forecast:

 var
,

1:

2 2 2 2

y y
u l mb y p a da

T m T

T T t tt

T

+
=( ) =

+( ) + +( )  ( ) ( )∏σ µ σ1
1
N ;∫∫

( )
− +

p y
y

T
T m

1:

2ˆ  (39)

It might be conceivable to evaluate equations (38) and (39) using some form of Monte Carlo 
sampling. However, this is very diffi cult to achieve because the product of normal densities in the 
integrands yield terms with very high standard deviation. As an alternative approach we propose 
to evaluate the fi ve-dimensional integral (37) by reducing it to a two-dimensional integral, and 
then solving the two-dimensional integral numerically. This is explained in detail in the next 
subsection.

The integration step
In Bayesian parameter estimation, a well-known rule of thumb is that the prior density for k param-
eters counts as roughly k data points, so its infl uence is not as great as the observations themselves. 
Thus the practice has been to select a form for the prior that is amenable to theoretical simplifi cation, 
while selecting the moments of this form to suit the considered problem or roughly fi t the considered 
data. We will follow this practice here, and this results in a simplifi cation of the formulas. Consider 
that the priors are given as follows:
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 p l l kl l0 0
2σ µ σ( ) = ( )N ; ,  (40)

 p b b kb b0 0
2σ µ σ( ) = ( )N ; ,  (41)

 p
c

e I
c

cσ
σ

σ σ
σ
σ( ) = +( )

















>( )
+

−2
1

2

0

0
1 11

1

2

0
2

Γ
 (42)

where ml, kl, mb, kb, c1 and s0 are constants that control the moments of the a priori density, and I is 
the indicator function. Concerning a and g, they are assumed to have any arbitrary priors. Note that 
the prior for l0 has a standard deviation proportional to s. This is a realistic assumption, because as 
the added noise increases in magnitude the interval for possibly locating the starting value l0 gets 
wider. The same is true for the case of b0.

In the subsequent analysis it is easier to work with the variance z = s 2 in stead of the standard 
deviation s. Using z instead of s, the prior for z becomes a chi-square density. Computing the total 
prior, we get

 p a c l k z b k z z e p pl l b b

c z

( ) = ( ) ( ) ( ) ( )
− −

2 0 0

1
2

1

0
2

N N; ;µ µ α γσ, ,  (43)

where c2 is given by

 
c

cc
2

0
1 1

1
1

2
1

= +( )+σ Γ  (44)

Substituting into (37):

 
p y y y l mb u z y zT m T T m T T t t

t

T

+ +
=

−∞

∞
( ) ∝ + +( )( ) ( )



∏1

2

1

1: ; ;N N, ,µ∫∫∫∫∫∫ −∞

∞∞

− −
( ) ( ) ( ) (

00

1

0

1

0 0

1

2
1

0
2

N Nl k z b k z z e p pl l b b

c z

; ;µ µ α γσ, , )) d d d d dl b z0 0 α γ

 (45)

Consider the innermost two integrals, w.r.t. l0 and b0. They can be evaluated in closed form, 
because the integrand is in the form of a normal density in terms of these two variables. Defi ne the 
following:

 Λ =

















1
0

0
1

k

k

l

b

 (46)

 µ
µ
µv

l

b
0
= 



  (47)

 g y e A wyT m m
i

T i
i

T

= − ′+ −
=

−

∑
0

1

 (48)
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 h y e A wyt t
i

t i
i

t

= − ′ − −
=

−

∑ 1
0

2

 (49)

 D
A e e A

u
A ee A

T
m m

T
t t

t

T

= ′ ′
+

+ ′ ′ +2
− −

=
∑

1
1 1

1

Λ  (50)

 d
A e g

u
h A e

T
m

t
t

v
t

T

= ′
+

+ ′ +−

=
∑

1 2
1

1
0

Λµ  (51)

where em = (1, m)′, e = (1, 1)′ and A and w are as defi ned in (10) and (11). Then the integrand of 
(45) can be manipulated into the following form:

 Integrand ,= ( )− −

−
+

+ + ′ − ′ −
=

N v D d D z
e z

g

u
h d D dt v vt

0
1 1

1

2 1

2

2
2

0 0
1

;

µ µΛ
11 1

0
2

2 1
1

2

1

2 2

1

2

T

z D k k u
z e p p

T

l b

c z∑







+

− −

( ) ( ) +( )
( ) ( )

π
α γσ

det
 (52)

Then, integrating the innermost two integrals for the above integrand (w.r.t. l0 and b0) leads to

 

p y y
e

T m T

z

g

u
h d D dt v vt

T

+

−
+

+ + ′ − ′








( ) ∝

−
=∑

1

1

2 1

1

2

2
2

0 0
1

1

:

det

µ µΛ

22 2

2

2

1
00

1

0

1 1

0
2

D u
z e p p z

T c z

( ) +
( ) ( )

∞
∫∫∫

− − +( ) −
σ α γ α γd d d  (53)

where all constant multipliers in the above equation are not included due to the existence of the 
proportionality operation. Consider now the integral w.r.t. z. This integral can be evaluated in closed 
form. From [9], we get

 p y y

K p p

D u
T m T

T c

T c

+

− −( )
−( )( ) ∝







( ) ( )

( ) +
1

4

2 0
1

2

1

1

2

1
:

det

ρ ρ
σ

α γ

220

1

0

1
d dα γ∫∫  (54)

where

 ρ µ µ=
+

+ + ′ − ′





−

=
∑1

2 1

2

2
2 1

1
0 0

g

u
h d D dt v v

t

T

Λ  (55)

and Kv(x) denotes the modifi ed Bessel function of the second kind. For many scientifi c software 
products, such as Matlab, this function is available as a built-in function. We can see that we have 
now reduced the fi ve-dimensional integral to a two-dimensional one. This renders the problem fea-
sible from the computational point of view. Of course, this integral has to be evaluated for all values 
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of a grid of yT+m, and then the resulting function has to be normalized so that it integrates to 1. 
Computationally faster methods can be obtained from this formula if only the mean and the variance 
of the forecast need to be evaluated. In fact, a simple re-derivation of the steps presented above, 
starting from (38) and (39), will yield such quantities using only four 2D integrals similar in form 
to (54). This analysis, however, will not be presented here to avoid sidetracking into too many 
issues.

Applicability to other models
Exponential smoothing methods have two main features: trend and seasonality. This analysis applies 
only to methods with trend. If seasonality is added the model becomes much more complex and 
probably not feasible. We believe though that this is not a problem. In Gardner’s review (2006, p. 
658) he reviews the application studies that appeared in the literature covering many types of time 
series. The majority of the studies consider only trend (Holt’s method) but not seasonality (Holt–
Winters’ method), even though the tested time series most often possess seasonality. It seems that 
researchers and practitioners prefer to deseasonalize, then apply Holt’s method, rather than apply 
Holt–Winters’ method outright. Concerning trend, let us classify the trend using the standard abbre-
viations as ‘N’ (non-existent), ‘A’ (additive), ‘D’ (damped), ‘M’ (multiplicative). For ‘N’, an 
analogous but simpler analysis can be performed, as the equations in this case are much simpler than 
what we have handled. For ‘D’, the state equations (4), (5) and (6) are the same, except that in (6) 
the bt−1 in the RHS is multiplied by the damping coeffi cient f. Everything will proceed as presented, 
except that we have the parameter vector possessing six components now (f is added) and the fi nal 
formula will be generally similar to (54), except that it will be a three-dimensional integral (the third 
integral being over f). Concerning ‘M’, our method is not applicable, as the nice linear nature of 
the state space equations does not apply to this situation.

MAXIMUM LIKELIHOOD

The maximum likelihood approach as a tool for parameter estimation for Holt’s model has been 
proposed by Hyndman et al. (2002). Their model, however, is based on using some nonlinear opti-
mization method to maximize the likelihood with respect to the fi ve-dimensional parameter vector. 
We propose here a much simpler solution by reducing the problem to a simple two-dimensional 
optimization problem that can be solved using a simple 2D search in a fi xed range.

The log-likelihood function is defi ned as

 L a p y aT( ) = ( )( )log :1  (56)

From (17), (18) and (20), we get
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Maximizing this expression w.r.t. v0, we get

 v A ee A A eht t

t

T
t

t
t

T

0
1 1

1

1

1

1

= ′ ′



 ′− −

=

−
−

=
∑ ∑  (59)
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The optimal s can be obtained likewise, but it is not needed at this point. Substituting from (59) 
back into (58), we obtain the fi nal objective function that should be maximized:
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The previous equation corresponds to the log-likelihood after removing the constant terms that 
will not infl uence the maximization process. We have to maximize J w.r.t. the two variables a and 
g. The range of the two variables is from 0 to 1, so a simple 2D grid in [0, 1] × [0, 1] can be per-
formed to obtain the maximum. Such a computation can be instantly done and is much more com-
putationally effi cient than the older procedure of using an optimizer w.r.t. the fi ve-dimensional 
parameter vector. In addition, more insight is gained by having such a compact formula (for example, 
we can see that the standard deviation of the error term does not affect the maximum likelihood 
solution).

SIMULATION EXPERIMENTS

To obtain an idea about the comparative advantage of the proposed methods, we have compared 
these methods to some standard benchmark methods for evaluating the parameters of the Holt’s 
method. Specifi cally, we consider the following three benchmark methods:

• Set the initial level equal to the fi rst time series point and the initial trend as the difference between 
the fi rst two time series points, i.e., l0 = y1, b0 = y2 − y1. Set a and g so that the forecast error on 
the estimation time series portion is minimized. We call this method the classical method, or in 
short CLASSIC1.

• On the fi rst 10 points of the time series we perform a linear regression. The intercept gives l0, 
while the slope gives b0. Set a and g so that the forecast error on the estimation data portion is 
minimized (see Hyndman et al., 2002). We call this the CLASSIC2.

• Maximize the likelihood of (56) w.r.t. to all fi ve parameters a, g, l0, b0, s using the Matlab fmincon 
numerical optimization routine. The fmincon routine is based on solving a quadratic programming 
subproblem at each iteration. An estimate of the Hessian of the Lagrangian is updated at each 
iteration using the BFGS formula. The quadratic programming part is solved using an effi cient 
active set strategy. In our case we have four constraints: 0 ≤ l0 ≤ 1 and 0 ≤ b0 ≤ 1 (the s ≥ 0 constraint 
is enforced by using s instead). The other parameters such as tolerance, maximum number of 
function evaluations and maximum number of iterations, are selected respectively as 10−10, 10,000, 
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and 1,000,000 (beyond these selected values there is generally no further improvement). The initial 
values are selected as follows: the parameters l0 and b0 are selected as in the previous method by 
fi tting a regression line to the fi rst 10 points. The standard deviation is selected similar to the param-
eter s0 for the Bayesian model (see the paragraph after next for details). Concerning a and g, each 
is initialized as zero. We call this approach ML NUM (NUM stands for numerical).

Against these three benchmarks we apply the proposed Bayesian model based method (in short 
BAYES), as well as the maximum likelihood method as proposed in the previous section. We abbre-
viate this by the letters ML. In the BAYES method we assume that the form of the a priori distribu-
tions is as in (40), (41), and (42) for l0, b0, and s, respectively. Concerning a and b, we select their 
a priori distributions as simply uniform in [0, 1].

As for the parameters of the other a priori distributions, the key ones are estimated from the data. 
On the fi rst 10 points of the time series we perform a linear regression. The intercept is taken as an 
estimate of ml, the mean of the distribution p(l0). The slope is taken as an estimate of mb, the mean 
of the distribution p(b0). The parameters kl and kb are set equal to 1. We considered the variance to 
be exponentially distributed, that is, c1 = 1. The parameter s0 is estimated by subtracting a centered 
moving average of the time series from the time series itself, and obtaining the standard deviation 
of the resulting residual time series. All estimates of the parameters of the priors are of course only 
rough estimates. In Bayesian formulation an accurate estimate of the prior is usually not crucial, as 
most of the infl uence on the forecast will ultimately come from the observables.

We considered the NN3 Artifi cial Neural Networks and Computational Intelligence Forecasting 
Competition, 2007 see NN3 2007. This is one of the major competitions that was held recently. It 
contains 111 monthly business type time series. The time series vary in length between 50 and 126. 
By inspecting the individual time series we found that it possesses quite similar features to the M3 
time series, such as seasonality and trend.

We pre-processed the data before applying the competing algorithms. First, a log transformation 
is applied, by simply taking the log of the time series. Then a seasonality test is administered to 
determine whether the time series contains a seasonal component. The test is made by taking the 
autocorrelation with a lag of 12 months, to test the hypothesis ‘no seasonality’ using Bartlett’s 
formula for the confi dence interval (see Box and Jenkins, 1976). If the test indicates the presence 
of seasonality, then we use the classical additive decomposition approach (Makridakis et al., 1998). 
In this approach a centered moving average is performed, then a month-by-month average is com-
puted on the smoothed series. This average will then be the seasonal average. We subtract that from 
the original series to create the deseasonalized series. The competing algorithms are applied on the 
pre-processed series. We held out the last 10 points of each time series, which represent the time 
horizon that has to be forecast.

There are two possible ways to apply the BAYES model. In the fi rst one we compute the density 
of the value to be forecast according to (54). Then we compute the mean of this density and transform 
that mean back to the original space by adding the seasonal component and applying an exponential 
transformation (to invert the log step). The other way is to transform the density to the orginal space 
space using the formula for random variable transformations. We used the former method, as in our 
earlier experimentation with the model it gave decidedly better results.

We used as error measure the symmetric mean absolute percentage error, defi ned as

 SMAPE = −
+( )∑1

2M

y y

y y
m m

m mm

ˆ
ˆ
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where ym is the actual time series value, ŷm is the forecast, and M is the number of points that are 
forecast. The summation is over all points to be forecast in a time series and over all time series. 
Since it is a relative error measure it is possible to combine the errors for the different time series 
into one number. We have 10 forecasts per time series times 111 time series, which makes over 
1000 points, thus giving confi dence in the validity of the fi ndings of the comparison study.

To test the statistical signifi cance of the observed average ranking of the compared methods we 
implemented a test proposed by Koning et al. (2005). It is a test based on the rankings of the dif-
ferent methods. It is termed multiple comparisons with the best (MCB), and is based on the work 
of McDonald and Thompson (1967). It essentially tests whether some methods perform signifi cantly 
worse than the best method. In this method we compute the rank of each method k on each time 
series n, say Rk(n), with 1 being the best and 5 being the worst. Let K ≡ 5 denote the number of 
methods compared, and let P be the number of time series (in our case P = 111). The average rank 
of each method k, or R̄k, is computed by averaging Rk(n) over all time series. The a% confi dence 
limits (we used a = 90%) will then be

 R q
K K

P
k K± +( )

0 5
1

12
. α  (63)

where qaK is the upper a percentile of the range of K independent standard normal variables. Further 
details of this test can be found in Koning et al. (2005). Table I gives a summary of all the SMAPE 
and the rank results, including the 90% ranking confi dence bands. Figure 1 displays the average 
rankings and their confi dence bands. Also, Figure 2 shows as an example one of the time series, 
together with the forecasts produced by BAYES. Also shown in the fi gure are the 90% confi dence 
bands for the forecasts as a function of the forecast horizon.

To investigate the robustness of the BAYES and ML methods to outliers, we have examined the 
NN3 time series and identifi ed that 25 of them have outliers in the estimation period. An outlier is 
defi ned by the occurrence of a sudden jump in time series (after log transformation and deseason-
alization) by 10% or more. The ML method turned out to beat BAYES (ML giving 0.322 versus 
0.379 for BAYES).

We have also measured the speed (in CPU time) of the three major contenders: the BAYES, ML, 
and ML NUM. Per time series the computation time on average turned out to be respectively 95.1 s, 
6.1 s, and 27.0 s; thus the ranking in terms of speed is ML, then ML NUM, then BAYES. The reason 
BAYES is computationally demanding is that the two-dimensional integral is evaluated for every 
possible value of yT+m (in order to obtain the full conditional distribution of yT+m). If only the point 
forecast and the forecast variance are needed, then as mentioned above one can evaluate these using 

Table I. The performance of the proposed BAYES and ML methods in 
comparison with the three other benchmark methods on the NN3 
competition time series problems

Method SMAPE Mean rank Rank interval (90%)

BAYES 0.175 2.60 (2.34, 2.86)
ML 0.156 2.45 (2.19, 2.71)
ML NUM 0.164 2.68 (2.42, 2.95)
CLASSIC1 0.289 3.70 (3.44, 3.96)
CLASSIC2 0.196 3.51 (3.25, 3.77)
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Figure 1. The average ranks with 90% confi dence limits for the multiple comparison with the best test
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Figure 2. The forecast for the BAYES method for a time series, together with the 90% confi dence limits for 
the forecast. The fi gure shows all the points of the time series (including the estimation period), and the last 
10 points represent the period to be forecast
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four 2D integrals, and so it will be computationally much faster than computing the full density of 
the forecasts.

Comments on the results
One can deduce the following observations:

• One can see from the table that the proposed maximum likelihood method as derived in Section 
4 gives the best performance. Both ML and BAYES models signifi cantly outperform the conven-
tional bench-marks CLASSIC1 and CLASSIC2, both in terms of rank and in terms of SMAPE. 
ML also outperform ML NUM, but the difference in rank is not signifi cant at the 90% level. 
BAYES is mixed against ML NUM, somewhat better in the rank measure and somewhat worse 
in the SMAPE measure. If we consider the combination of performance and speed criteria, then 
the ML is the clear winner: it yields superior performance with very little computational cost.

• The proposed ML is a little better than the traditional ML NUM performance-wise, and much 
more superior computation-wise, making ML the way to go if a maximum likelihood based 
approach is to be considered.

• The BAYES method offers the added advantage of obtaining the density of the forecast value. 
This is the strong point for BAYES that is not present in any of the other approaches. This leads 
to the added computational cost.

• One can conclude that the infl uence of the intial level and trend values, l0 and b0 respectively, is very 
signifi cant, and they are important to set in an optimal fashion. The essential difference between the 
CLASSIC1 and the CLASSIC2 methods on one hand, and the BAYES, ML, and ML NUM on the 
other, is the way l0 and b0 are handled. Most practice so far has been to set l0 and b0 in a heuristic 
fashion (as in CLASSIC1 and CLASSIC2). But this practice evidently should change, especially 
since the alternative (i.e., setting these parameters in an optimal fashion) can be done by a simple 
two-dimensional search (as proposed in this article for the ML and BAYES models).

CONCLUSIONS

In this paper we have introduced two novel methods for the parameter estimation problem for Holt’s 
additive method. The fi rst proposed solution is based on the Bayesian approach. The method is 
reduced to computing a two-dimensional integral, which can be done numerically in a straightfor-
ward way. The strong point about this approach is that it yields the forecast density, unlike the 
majority of the available exponential smoothing methods. The other method utilizes the state space 
formulation to derive a computational approach for evaluating the maximum likelihood parameter 
estimates. The proposed approach renders the optimization very simple and practical to implement, 
which leads to improvements in performance and signifi cant gains in speed.

Overall, we feel the proposed BAYES and ML approaches are a good addition to the repertoire 
of different exponential smoothing methods, and there could be some good fraction of time series 
where these methods would hold an edge.
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