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Abstract

Complex shaders must be partitioned into multiple passes to execute on GPUs with limited hardware resources.
Automatic partitioning gives rise to an NP-hard scheduling problem that can be solved by any number of estab-
lished techniques. One such technique, Dynamic Programming (DP), is commonly used for instruction scheduling
and register allocation in the code generation phase of compilers. Since automatic partitioning occurs during the
shader compilation process it is natural to ask whether DP is useful for shader partitioning as well as for code
generation. This paper demonstrates that these problems are Markovian and can be solved by DP techniques. It
presents a DP algorithm for shader partitioning that can be adapted for use with any GPU architecture. Unlike
solutions produced by other techniques DP solutions are globally optimal. Experimental results on a set of test
cases with a commercial prerelease compiler for a popular high level shading language showed a DP algorithm
had an average runtime cost 0f(9(n“4966) which is less than O(nlogn) on the region of interest in n. This demon-
strates that efficient and optimal automatic shader partitioning can be an emergent byproduct of a DP-based code
generator for a very high performance GPU.

Categories and Subject Descriptors (according to ACM CCS): 1.3.1 [Computer Graphics]: Hardware Architecture
1.3.3 [Computer Graphics]: Picture/Image Generation 1.3.6 [Computer Graphics]: Methodology and Techniques

1. Introduction

As the complexity of programmable shaders increases their
demand for GPU resources also increases. Complex shaders
may consume more registers and other hardware resources
than are physically available in the GPU leading to a sit-
uation where the shader cannot be compiled for the target
architecture. This situation may be resolved by virtualizing
the GPU resources in time by partitioning the shader execu-
tion into passes that use the same resources for different pur-
poses at different times. This virtualization process is known
as shader partitioning and for best results occurs during the
code generation phase of a shading language compiler. Chan
et al. [CNS*02] have identified the problem of automatically
finding an optimal partitioning as the multi-pass partitioning
problem (MPP). This problem has been explored by them
and by other authors [FHHO4, RLV*04].

Riffel et al. [RLV*04] first observed that, like instruc-
tion scheduling, MPP is an instance of well studied job-shop
scheduling problems that are known to be NP-hard or NP-
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complete [GJ75,MSSUO02]. They demonstrate that MPP can
be solved approximately during the code generation phase of
a compiler by using an O(nlogn) average time List Schedul-
ing algorithm. They show that this approach has advantages
over other approaches in terms of compile time cost and
generality of solution. Although the List Scheduling algo-
rithm only processes basic blocks, and therefore does not
handle flow control, the extension of this solution to include
flow control and other important features appears relatively
straightforward.

Riffel et al. have provided a scalable approximate solu-
tion to the MPP problem. Their solution is scalable because
it has a compile-time cost of O(nlogn) average time (al-
though potentially non-scalable Q(nz) worst time). It is ap-
proximate because it produces locally optimal answers that
may be globally suboptimal.

This paper reports an exact algorithmic solution to MPP
that provides globally optimal answers. The algorithm solves
problems with multiple render targets and can be extended
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to support flow control. The algorithm is based on Dy-
namic Programming (DP) which is an algorithmic paradigm
for solving Markovian problems with nonlinear objective
functions. The paper demonstrates that the MPP problem is
Markovian, presents a DP solution to it, and analyzes the
compile time complexity of the solution. This scaling analy-
sis shows that while the compile-time cost of the algorithm
is asymptotically inferior to that of the List Scheduling solu-
tion there is a large interval of interest on which the two are
comparable. On the range of shaders in current use the run-
time complexity of the DP algorithm was actually better than
List Scheduling. This analysis is validated by experiment.

The DP solution is motivated by a study of a very high
performance GPU that supports large and complex shaders.
The size of these shaders implies multi-pass execution and
motivates the search for a scalable partitioning algorithm.
Increased shader complexity also provides greater potential
for sub-optimality in the result, and this coupled with very
high performance goals motivates the search for a globally
optimal solution.

The contributions of this paper are an algorithm (see fig-
ure 1) that may be adapted for use with any GPU architec-
ture, and a contextualization of the MPP problem with re-
spect to job-shop scheduling.

1.1. Prior art

For a current survey of job shop scheduling see for ex-
ample the paper by Mohring et al. [MSSUO(2]. The au-
thors discuss solutions of the general Resource-Constrained
Project Scheduling Problem by Integer Programming, Lin-
ear Programming, minimum graph cuts, List Scheduling,
longest paths, and other techniques. All of these solution
techniques are in principle applicable to MPP. Branch-
and-Bound search is also commonly used for NP-complete
scheduling problems and is applicable to this problem. For
an example of Branch-and-Bound techniques applied to job
scheduling see the paper by Hartmann and Drexl [HD98].
Genetic Search is another algorithmic paradigm that is
sometimes applied to job scheduling problems, see for ex-
ample the original paper by Davis [Dav85].

1.1.1. MIO (List scheduling)

Riffel et al. [RLV*04] first observed that MPP is an instance
of job shop scheduling. They defined an objective to mini-
mize the number of operations in a compiled shader which
they argued is equivalent to minimizing the shader runtime.
They developed an algorithm MIO based on List Schedul-
ing that minimizes register usage and operation count and
applied it to large and small shaders targeted to two com-
mercially available GPUs. List scheduling is a well-known
greedy algorithm with average time O(nlogn) and worst-
case time Q(n?). (For a review of List Scheduling see for
example Allen & Kennedy [AK02].) When compared to pre-
vious methods, notably RDS, the List Scheduling approach

was seen to be faster and more general although the quality
of results was sometimes inferior.

The approach presented here is similar to that of Riffel et
al. [RLV*04] in understanding MPP as a formal optimiza-
tion problem and in co-solving the problem in conjunction
with code generation. The proposed algorithm searches for
a minimum-cost schedule by incrementally scheduling indi-
vidual operations. For the target architecture per-pass over-
head is on par with other operations and is usually negligible.

The current work differs in employing a Dynamic Pro-
gramming technique rather than List Scheduling. DP algo-
rithms differ from greedy algorithms by producing optimal
solutions to problems with nonlinear objective functions.
The DP algorithm described here minimizes a nonlinear cost
function that accounts for register operations, memory loads
and stores, texture accesses, instruction fetches and costs as-
sociated with pass boundaries. Such a function can model
texture latencies, register load times, and other real-world
factors.

The complexity of Dynamic Programming is algorithm-
specific and depends on the efficiency of pruning the search
space. The algorithm described here had an average com-
plexity of O(n'149%) on a set of example shaders. Within
the region of interest in n this approximates O(nlogn) scal-
ability.

1.1.2. RDS, RDSj,, MRDS, MRDS;, (Minimal cut sets)

Chan, Foley and their collaborators have developed an ap-
proach to MPP based on finding a minimal set of cuts
in a DAG that represents the compiled shader program
[CNS*02, FHHO04]. Each cut in the DAG corresponds to a
pass in the partitioned shader and this approach assumes
that minimizing the number of shader passes is equivalent
to minimizing the shader runtime. Some of the resulting al-
gorithms have been implemented in the Ashli shader devel-
opment toolkit [BP03].

The resulting algorithms are greedy bottom-up merges of
the DAG into passes. Operations are scheduled into passes
in order to respect resource limitations of the GPU. At pass
boundaries intermediate results are spilled into a form of in-
termediate storage from which they can be retrieved in a sub-
sequent pass.

These algorithms also explore the option of recomput-
ing multiply referenced nodes of the DAG rather than sav-
ing them to intermediate storage. This consideration is mo-
tivated by the high cost on desktop GPUs of intermediate
storage in the form of textures. By recomputing rather than
saving intermediate results the shader may execute in fewer
passes at the cost of executing more instructions. On current
desktop GPUs this usually leads to a faster runtime.

Experiments with a diversity of shaders targeted to several
current desktop GPUs showed these algorithms produce rel-
atively high quality partitions but have non-scalable compile
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times with complexities of O(n°) for RDS (which handles
single render targets) and O(n*) for MRDS(which handles
multiple render targets). The simplest algorithm RDS), had
non-scalable complexity (’)(nz) and produced solutions that
were judged to be of inadequate quality [CNS*02].

The present work differs from the minimal cut set ap-
proach in several ways. MPP is addressed within an opti-
mization framework and principled techniques are applied
to its solution. The technique of Dynamic Programming is
chosen in part because it finds globally optimal solutions for
nonlinear problems with multiple local minima. As a result
the solutions are better than the solutions found by greedy
algorithms because they are globally rather than locally op-
timal.

Rather than searching for cuts in a DAG the proposed al-
gorithm works by incrementally generating a schedule in or-
der to minimize a cost function. The objective minimizes
a nonlinear cost function that predicts the expected execu-
tion time for a compiled shader. The costs associated with
pass boundaries are negligible and are dominated by the time
to make a memory reference for each word of intermediate
storage.

Unlike others [CNS*02,BP03,FHHO04] this approach does
not equate minimal runtime of the compiled shader with a
minimum number of passes. Instead the cost of adding a
pass is included as one component in the overall cost func-
tion, like the cost of texture fetches, register copies, etc. This
approach subsumes the minimal cut set approach by finding
minimum-pass solutions when these are the most efficient
but allowing more passes in a solution if this leads to a lower
runtime cost.

1.1.3. Precursors

Multi-pass shaders have long been used with OpenGL hard-
ware to achieve effects like shadows and reflections. Some
of the earliest work is in Diefenbach’s dissertation [Die96].
The first effort to automatically partition multi-pass shaders
appeared in an influential paper of Peercy et al. [POAUOO].
It described a Dynamic Programming-based partitioner for
shading languages built on top of an OpenGL-based scene
graph. The partitioner groups shader operations into SIMD
passes that are executed on the entire frame buffer contents.
Pass boundaries are selected to minimize the execution time
while preserving the shader semantics.

This work is similar to Peercy’s in using DP for automatic
partitioning. It differs in targeting a GPU rather than a scene
graph. Rather than breaking a shader into passes of OpenGL
operations that affect the entire frame buffer the partitioner
breaks a shader for a single vertex or fragment into passes
of GPU instructions that observe physical resource limits of
the GPU while minimizing the predicted execution time.
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2. Problem statement

This study is concerned with partitioning shaders for a very
high performance GPU that has a very efficient intermediate
storage mechanism. GPU resources that must be scheduled
include live operands (register allocation), outstanding tex-
ture requests, instruction storage and rasterized interpolants.
Every shader pass must observe the physical resource limits
of the GPU with any excess storage requirements satisfied
from intermediate storage between passes. Each of these re-
source types has architecture-specific considerations that in-
fluence the cost function and the location of pass boundaries.

2.1. MPP Problem

The MPP problem for the present purposes can be stated:
given avalid shader program in the form of a DAG and asso-
ciated information, generate a schedule of DAG operations
and partition the schedule into passes such that: the total
runtime as predicted by a cost function is minimal (where
runtime includes operation cost and pass overheads); each
pass observes the physical resource limitations of the GPU;
and the schedule observes the precedence relations of the

DAG.

For illustration consider a simplest example of compiling
the expression (A + B) * (C+ D) for a hypothetical GPU pro-
cessor with two registers. Regardless of which sum is sched-
uled first its result cannot be kept in a register and must be
stored for use in the final multiplication. In a multi-pass so-
lution a second pass computes the other sum, retrieves the
first sum, and multiplies the two sums together.

This simplest example illustrates the general strategy
taken in the DP algorithm for identifying pass boundaries
during the search. The algorithm generates code and allo-
cates resources until a physical resource like available regis-
ters is exhausted. When this happens the algorithm allocates
a portion of state to intermediate storage. It then continues
code generation until certain conditions are met (such as fill-
ing intermediate storage or exhausting interpolants) at which
time it inserts a pass boundary into the schedule. This pro-
cess continues until the entire DAG has been scheduled.

2.2. MPP is Markovian

Only problems that are Markovian are amenable to solution
by Dynamic Programming. For a multi-stage problem to be
Markovian the choices at any stage must depend only on
the current state and not on any prior states, that is, not on
the history of how the current state was reached. This is the
Principle of Optimality [Bel57]:

An optimal policy has the property that whatever
the initial state and the initial decisions are, the re-
maining decisions must constitute an optimal pol-
icy with regard to the state resulting from the first
decision.
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The simplest example illustrates this principle. In compil-
ing (A+B) % (C+ D) it is first necessary to compile one of
the two sums. Without loss of generality consider the case
of compiling (A + B). At least two different instruction se-
quences could be generated for this sum: LOAD A, LOAD
B, ADD; or LOAD B, LOAD A, ADD. Regardless of which
operand was loaded first both of these sequences lead to a
state in which the sum is in one register and the other reg-
ister contains a stale operand. Subsequent compilation de-
cisions depend on that state but not on which operand was
loaded first, that is, not on the history of how the state was
reached. Any instruction selected to follow one of these in-
struction sequences would also be a valid successor of the
other sequence.

This example illustrates that register allocation is Marko-
vian. For another example consider the subproblem of gen-
erating a schedule of rasterized interpolants in fragment
shaders. As the GPU rasterizes data into fragments it inter-
polates quantities that were generated during setup and ver-
tex processing. When the number of interpolants consumed
by a fragment shader exceeds the number supported by the
hardware these interpolants must be scheduled across mul-
tiple shader passes. The interpolants to be scheduled in any
pass are drawn from the set of interpolants that have not al-
ready been scheduled in any prior pass. Any number of dif-
ferent schedules could be generated for these prior passes. If
these different schedules result in the same set of unsched-
uled interpolants then they are equivalent for the purpose of
scheduling in the present pass.

Similar arguments may be used to demonstrate that tex-
ture access, instruction storage and other aspects of shader
scheduling are Markovian. As a result the scheduling prob-
lem in general, and MPP in particular, can be solved by Dy-
namic Programming techniques. The practical importance of
the Markov property is that it allows a multi-stage decision
problem to be solved in reverse order. This is illustrated in
the next section.

3. Solution by Dynamic Programming

Dynamic Programming is an algorithmic technique for solv-
ing multi-stage optimization problems, including job-shop
scheduling problems, that have nonlinear objective functions
and thus cannot be solved reliably by greedy methods. Any
DP algorithm exploits the property of optimal substructure
(see 3.2.1) in which the globally optimal solution to a prob-
lem can be obtained by finding optimal solutions to a series
of subproblems.

MPP is solved with a DP algorithm by employing back-
ward recursion which solves the problem in reverse be-
ginning with the final stage. The algorithm exhaustively
searches a subspace of the total search space of possible
schedules. This subspace contains only schedules with op-
timal substructure that end in the desired final state. At each

Cost DPMPP(stage,T) {
Pi={}
(Vt € T)do
) { valid prior transitions of ¢ }
S = . .
with optimal substructure
min 1= oo
(VS € St) do
s.cost .= t.cost +
COST (s.operation,s.postcondition)
if (s.cost < min)
min 1= s.cost
enddo s
(Vs € S such that s.cost = min) do
P:= (P U s) uniquely by precondition
enddo s
enddo ¢
if (stage > 1)
return DPMPP(stage — 1, P)
else
return miny,cp(p.cost) }

Figure 1: Algorithm DPMPP is a Dynamic Programming
solution to the problem of automatically partitioning multi-
pass shaders. It can be adapted for use with any GPU archi-
tecture by replacing the COST() function.

stage the search explores some number of possible prior
stages. An entire tree of solutions is searched in this way
and the cost of every path from root to leaf is evaluated in
parallel as the search proceeds. At the end of this process the
global solution is taken as the lowest cost path from the root
to any leaf.

3.1. DP algorithm for MPP

Algorithm DPMPP (figure 1) takes as arguments an in-
teger stage and a set T of transitions. Each transition
consists of a precondition, postcondition, operation, and
cost. The precondition and postcondition are represented
by snapshots of machine state, operation is one of the op-
erations from the input DAG that are eligible for schedul-
ing after precondition, or is a “new pass” operation, and
cost is a scalar value. For any transition ¢ the machine
state in t.postcondition represents the machine state in
t.precondition following application of t.operator.

DPMPP is first called with stage = n, the number of op-
erations in the input DAG, and with T the set of valid final
transitions to the desired end state. There is a single desired
end state and this is the postcondition of every transition in
the initial 7. The desired end state has all output values in
registers and 7 is the set of transitions that can occur in the
final step of computing those output values. Each element of
T has a unique precondition.

(© The Eurographics Association 2005.



Alan Heirich / Optimal Automatic Multi-pass Shader Partitioning by Dynamic Programming

Upon entry algorithm DPMPP initializes an empty set
of transitions P. P will represent a set of prior transitions
that will be passed recursively to the preceding stage of the
search. It corresponds to 7' of the current stage.

The algorithm next considers the set 7 which contains all
of the transitions from the set of machine states under con-
sideration in the current stage. For each element t € T the
principle of optimal substructure is used to generate a new
set Sy of transitions that may precede the current stage. For
every element s in St, 5. postcondition = t.precondition.

A “new pass” operation is considered only when it is
made necessary by depletion of a GPU resource. For ex-
ample, this can occur when all rasterized interpolants for
the current pass have been allocated but another interpolant
is referenced by the DAG. This can also occur if all gen-
eral purpose registers are full but further progress requires
discarding a live operand, or if any other physical resource
(such as a maximum number of simultaneous pending tex-
ture requests) is exhausted.

For each s in S; the algorithm updates s.cost to reflect
the best cost path from s.precondition to the end state.
This is the sum of COST (s.operation, s.postcondition), the
cost of the current operation preceding the current post-
condition, and f.cost, the best cost among any path to the
endstate that is reachable from ¢.precondition. Recall that
s.postcondition = t.precondition always. Note also that
COST () depends on the machine state in s.postcondition as
well as on s.operation. This cost update is applied to all el-
ements of S;.

COST () is the function that reflects the cost model of the
GPU and predicts the costs of individual factors that deter-
mine runtime of the compiled shader. For this study COST ()
was defined in units of execution time and accounted for
register loads, interpolant access, texture access times, DAG
operation costs, new pass overhead and other factors. The
schedule generated by the DP algorithm will be optimal with
respect to the costs modeled by COST (). The quality of these
schedules depends on the accuracy with which COST () re-
flects the actual costs of the GPU.

After these cost updates the s with lowest cost are added
to the set P. There may be more than one such s for any S;.
However there may be only one element of P with a given
precondition. If there is already an element p € P such that
s.precondition = p.precondition then the costs of the two
elements are compared and only the lowest cost element is
retained.

These steps are then repeated for all of the remaining
t € T. In this way the double loop in s and ¢ examines all pos-
sible prior transitions and retains the lowest cost set of paths
from the current stage to the end state. The number of paths
being simultaneously considered may change at each stage.
This algorithm continues recursively until it reaches the ini-
tial stage at which time it returns the lowest cost among el-
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ements of P. The optimal schedule is the path from this leaf
element p to the root of the search tree.

3.2. Algorithm correctness

Algorithm DPMPP is correct if it produces a globally op-
timal schedule that respects GPU resource limitations and
DAG precedence relations. GPU resources are evaluated in
the COST() function which returns a value of infinity if
a resource is exhausted. A prior transition s is valid if it
does not violate resource limitations and if s.operation is
a valid precedent of t.operation. These conditions are trivial
to check.

The resulting solution is globally optimal if it observes
the Principle of Optimality [Bel57] at each stage. In the final
stage the initial set 7" satisfies this principle trivially. Every
element ¢ of the initial 7" is an optimal path of length 1 lead-
ing from ¢. precondition to the desired end state.

For each preceding stage the algorithm generates a new
set P of transitions. At the end of the double loop in s and
t, every transition p € P represents an optimal path from
p.precondition to the end state. To be eligible for inclusion
in P every candidate transition s must be a lowest cost el-
ement of its set S;. In addition the uniqueness condition re-
quires that Vp € P, p.precondition occurs uniquely and is the
lowest over all S;. As a result of these conditions P satisfies
the Principle of Optimality at every stage.

Progress and termination of the algorithm follow directly
from the use of backward recursion. When the first stage has
been computed the set P satisfies the Principle of Optimality
for paths of length n. The best p € P represents the globally
optimal solution.

3.2.1. Optimal substructure

S; is generated for each ¢t € T using the principle of op-
timal substructure. Candidate transitions are considered if
they satisfy an optimality condition that depends only on the
current stage. Every globally optimal solution is also com-
patible with this optimal substructure condition. To derive
such a condition consider the problem of generating code
that runs in minimal time. This is equivalent to generating
code that delivers the maximum computational throughput,
which is equivalent to having the lowest amount of idle time
of operands in registers.

At runtime the DAG is executed bottom-up. It executes
most efficiently when operands are in registers so that no idle
time is spent waiting for loads to complete. At compile time
in the proposed algorithm the DAG is processed top-down
because the operations are scheduled in reverse order. In or-
der to minimize register loads the algorithm selects from
among candidate operations those with the smallest number
of descendents in the DAG. By choosing the smallest sub-
tree the algorithm is on average minimizing the number of
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registers that are required to compute the result. This leads
to the lowest register idle time and fastest runtime execution.

Every globally optimal solution is compatible with this
optimal substructure condition. Global solutions have mini-
mal predicted runtime cost, and optimal substructure ensures
minimal predicted cost for individual subtrees. Global solu-
tions have minimal cost over all subtrees and therefore are
compatible with the optimal substructure condition.

Although not completely equivalent this condition is sim-
ilar to the Sethi-Ullman numbering used by algorithm MIO
to select subtrees for scheduling. Sethi-Ullman numbering
assigns a number at each DAG node that tells how many
registers are required to evaluate the subtree rooted at that
node. Subtrees are then scheduled by MIO in order of de-
creasing number. This results in a partial ordering by size
with the largest subtrees scheduled first and is known to re-
sult in minimal register usage [SU70]. The optimal substruc-
ture condition of algorithm DPMPP results in a total order-
ing of subtrees by size with the smallest subtrees scheduled
last. As in Sethi-Ullman numbering the goal is to minimize
register usage and execution time.

The optimal substructure condition also has a dramatic
beneficial effect on compile-time complexity. Since there is
typically a unique minimum subtree the size of set Sy is most
often 1 which leads to small branching factors. This can be
seen in figure 2 and is responsible for the tractability of the
DP algorithm.
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Figure 2: Example search width w for a fragment shader
with 490 operations. The branching factor b; at each stage
i is wir1/wi. The average b over these 490 stages was
1.06091. Early in the search the final operations are being
scheduled and the search width is small. For the first three
quarters of the search b; is most often 1 but also takes on the
values 1/2 and 2. Near the end of the search as the initial
operations are being scheduled the search widens consider-
ably. This pattern was observed in most of the test cases.

3.3. Algorithm complexity

The complexity of the DP algorithm is equal to the number
of stages in the schedule n raised to the power of the average
branching factor of the search tree b. In order to be scalable
b must be significantly less than 2 and ideally close to 1. The
optimal substructure condition implies that » will be close to
1 although the exact value will vary for different DAGs and
this was confirmed by experiment. The value of b was mea-
sured empirically on a set of test cases on which it averaged
1.14966. As a result the average compile time cost on these
cases was O(n'14960),

4. Experiment

A prerelease commercial compiler for a popular high-level
shading language was augmented with the DP algorithm to
perform operator scheduling and pass partitioning. A set of
example shaders was compiled to verify the DP algorithm
and measure the average branching factor b. A representa-
tive trace of the search width is shown in figure 2. The aver-
age branching factor on these test cases was always between
1.047 and 1.257 with an average of 1.14966.

The test set consisted of 10 vertex shaders and 3 fragment
shaders. The vertex shaders were taken from public sources.
They ranged between 36 and 179 operations in length with
an average length of 89. Their branching factors ranged from
1.10088 to 1.25735 with an average of 1.17640.

The fragment shaders were 344, 490 and 563 operations
in length with branching factors of 1.07336, 1.06091 and
1.04731 respectively. Two of these shaders were generated
by a modeling package and perform Phong shading with
bump maps and textures. The third was a self-shadowing
shader obtained from public sources.

The average branching factor on this test set was 1.14966.
The overall compile-time cost of algorithm DPMPP was
therefore O(n'14%%) This is less than O(nlogn) up to n =
12,053 which is considerably larger than any of the shaders
tested. This implies that algorithm DPMPP has compile-
time cost comparable to algorithm MIO on current gener-
ation shaders. Shaders for real-time rendering are currently
orders of magnitude smaller than this.

The fragment shaders showed a decreasing b with respect
to n. This may be explained by the branching profile in figure
2. The branching factor remains close to 1 from the begin-
ning of the search until near the end when it expands dramat-
ically. The decrease in b with respect to n implies that this
expansion occurs later (or with smaller magnitude) when n
is larger. This suggests that early in the search the pruning
was very efficient whereas near the end of the search there
were a larger number of eligible DAG operations to consider.
If this pattern persists for larger n then b will continue to de-
cline from the values presented here implying an increase in
scalability.
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5. Summary and discussion

This paper has presented an algorithm for finding optimal so-
lutions to the MPP problem. This algorithm can be adapted
to any GPU architecture by modifying the COST() func-
tion appropriately. On a variety of small and medium size
test cases the algorithm had an average compile-time cost of
O(n!149%%) making it comparable to the O (nlogn) scalabil-
ity of algorithm MIO up to at least n = 12,053 which is as
large as the largest shaders reported in the literature.

It was difficult to locate publicly available large shaders
and this was the reason for generating the fragment shader
test cases. In general purpose GPGPU applications shaders
have been reported with over ten thousand operations. Un-
fortunately no such shaders in the language under study were
available on the relevant public web sites.

This paper describes a study of a single algorithm targeted
to a single very high performance GPU. As such it does not
present a competitive analysis of different algorithms. Such
an analysis would fill in the table in figure 3 with more of the
candidate algorithms mentioned in section 1.1. These would
be evaluated on multiple GPUs with larger shaders and com-
pared for scalability and quality of results. Among these ap-
proaches Integer Programming and Branch-and-Bound so-
lutions appear to have straightforward implementations.

Figure 3 contrasts the costs and benefits of the three algo-
rithmic approaches discussed in this paper (minimal cut sets,
List Scheduling and Dynamic Programming). Of the three
the only one that is guaranteed to be scalable is List Schedul-
ing but this produces sub-optimal solutions. The only ap-
proach that produces globally optimal solutions is Dynamic
Programming but this is not asymptotically scalable. How-
ever on the range of interest algorithm DPMPP demon-
strated compile-time costs comparable to algorithm MIO.
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Figure 3: Compile-time cost versus solution quality. Algo-
rithm MIO uses List Scheduling, DPMPP uses Dynamic
Programming, and the RDS family of algorithms search for
minimal cut sets.
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List Scheduling DP
Direction: forward reverse
Paradigm: greedy optimization
Optimality: local global
Complexity: O(nlogn) O(n!-14966)
Numbering: Sethi — Ullman subtree size
Critical: | scheduling priority search pruning
Policy: largest trees first ~ smallest trees last
Affects: run time compile&runtime

Figure 4: Comparison between List Scheduling (M10) and
Dynamic Programming (DPMPP) solutions to MPP.

There are many similarities between algorithms M0 and
DPMPP. Both algorithms generate a schedule incrementally
in order to minimize a cost function. Algorithm MO gener-
ates a schedule in order and schedules largest trees first in or-
der to maximize the solution quality by minimizing register
usage and therefore execution cost. Algorithm DPM PP gen-
erates a schedule in reverse order and schedules smallest
trees last in order to minimize register loads and therefore
execution cost. This has the additional benefit of drastically
pruning the search space which is directly responsible for
the algorithms scalability. Figure 4 summarizes these issues.

Both algorithms use DAG node numbering in order to
maximize runtime efficiency of generated code. MIO uses
Sethi-Ullman numbering while DPMPP uses subtree size
which is computed in a similar way. It would be worth
exploring Sethi-Ullman numbering for use in algorithm
DPMPP.

Although the present algorithm does not address flow con-
trol this issue is largely orthogonal to it. Many aspects of
flow control are relatively straightforward such as unrolling
loops with predictable repetition counts and implementing
medium-grained SIMD conditional operations. Other as-
pects of flow control are more problematic. For example,
large loops with dynamically computed repetition counts
could be too large to schedule within a single shader pass.
Correct execution of such compiled code may require re-
peated execution of shader passes out of order. This is a dif-
ficult problem, and is a general problem for streaming com-
putations apart from MPP.
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